An exact matrix integral is evaluated for a 2 × 2 3-dimensional matrix model with Myers term. We derive weak and strong coupling expansions of the effective action. We also calculate the expectation values of the quadratic and cubic operators. Implications for non-commutative gauge theory on fuzzy sphere are discussed.
Introduction
Matrix models in fuzzy homogeneous space [1] can be thought as useful tools for further understanding of matrix dynamics, which is important from the viewpoint of non-perturbative definitions of superstring and M-theory [2] [3] . Non-commutative (NC) gauge theories on homogeneous space are realized by these matrix models. Especially a matrix model on fuzzy sphere: SU (2)/U (1) is the simplest one of them. It allows us to calculate the effective action of NC gauge theory explicitly and to determine the vacuum configuration of the space and gauge theory on it by minimization of the effective action.
The minimal model which realizes NC gauge theory on fuzzy sphere is a 3-dimensional matrix model with Myers term [4] : Fuzzy sphere is a non-trivial classical solution of (1.2)
where j µ are spin l representation of SU (2) . Expanding the matrix model around this configuration, one can obtain NC gauge theories on fuzzy sphere. The fixed parameters of this model are the matrix size N = n(2l + 1) and the constant α. In an analogous way, one can construct the NC gauge theories on fuzzy sphere by a deformed IIB matrix model:
Recently effective actions of NC gauge theory on fuzzy sphere are investigated in [5] and [6] . [7] - [15] . The method of our calculation is modelled on [7] . We derive weak and strong coupling expansions of the partition function. Next, we calculate the expectation value of some gauge invariant operators: TrAA and TrǫAAA in section 3 and 4. Finally we discuss the results and their implication to NC gauge theory on fuzzy sphere.
Partition Function
We calculate the integral
where S is the matrix model action given by (1.1).
A µ and Ψ can be expanded by Pauli matrices
We fix the measure of the integral as follows
Using the SO(3) rotational invariance, the matrix components A a µ can be taken as
In this parametrization
First, we carry out the fermion integral. The result is
where Pf(A) is the Paffian:
The form of Paffian (2.7) allows us to calculate Z from the bosonic partition function Z, i.e.
Gathering the above results, the integral (2.1) becomes
(2.10)
After integrating over a 1 and a 2 , (2.10) becomes
The r-integration in (2.11) can be done by using the Taylor expansion,
The odd power series for L vanishes by the L-integral, then only √ 4π part in (2.12) is left. After changing the integration variables: R = x/L and L 2 = yx sin θ, and using the Taylor expansion of the exponential function again, the integral (2.11) becomes
where
(n ≥ 1), (2.14)
15)
Since the integral W n diverges when n = 0, the bosonic partition function Z is divergent. This divergence is, however, independent of α. So Z itself is finite and has the form
The formula (2.17) gives us the strong coupling expansion of Z 1 . Furthermore we can carry out the summation in (2.17) as the following
The
In this way, we obtain the final form of Z:
where I n (x) and K n (x) are the modified Bessel functions.
weak coupling expansion
In order to compare the above result with the perturbative calculation of NC gauge theory on fuzzy sphere, we look for the weak coupling expansion. From the asymptotic expansion of the Bessel functions:
, we obtain the weak coupling expansion of the partition function On the other hand, the perturbative calculation of the effective action was done up to 2-loop level in [5] .
The 2-loop calculation has the form
(2.23) N = n(2l + 1) is the matrix size. In this case N = 2, so we set n = 1 and l = 
2-point Function
We subsequently calculate the normalized expectation values of the gauge invariant operators. First, we consider the quadratic operator: TrA µ A µ . This operator has a geometrical interpretation: the extension in NC space. Due to SO(3) rotational and SU(2) gauge invariance,
The calculation of (3.1) can be done by the same way as the partition function. However, an infrared problem occurs; L 2 is divergent. We need to regularize this quantity by adding a mass term δTrAA into the action. In this regularization, L 2 for sufficiently small δ assumes the following form
Using the saddle point method, we can show
This approximation is valid for large α, i.e. in weak coupling region, where
with the classical behaviour, since 4 for the fuzzy sphere configuration. On the other hand, by using the strong coupling expansion (2.17), we find
In the strong coupling region, the value of L 2 is regularization dependent.
3-point Function
Next, we consider the expectation value of the cubic gauge invariant operator:
It is easily obtained without divergence as the followings 
Summary and Discussion
In this paper we have carried out an exact calculation of 3-dimensional N =2 matrix model with Myers term. A finite partition function has been obtained. It is interesting also from the point of view of convergence theorem for YM matrix integral [16] [17] . Without Myers term, 3d-matrix model does not satisfy the convergence condition. In our case, however, the introduction of Myers term breaks the basic assumptions for the proof of the theorem [16] , so there is no contradiction between these results.
The weak coupling expansion of the exact effective action reproduces the perturbative calculation in NC gauge theory on fuzzy sphere. On the other hand, the strong coupling expansion (2.17) shows F ∼ − log α. It is consistent with the conjecture in [6] and makes our expectation more plausible concerning general behaviour of the effective action in strong coupling region. Next, we have calculated the expectation values of the 2-point function: TrAA. This is a divergent quantity and we need a mass term regularization. We find the classical and one-loop contributions discussed in [6] from the regularization independent parts. The regularization dependent part cannot be identified as the perturbative expansion around the fuzzy sphere configuration. It should comes from the commutative configuration. We have also calculated the expectation values of the 3-point function: TrǫAAA. It requires no regularization but diverges at α = 0. The divergence is caused by the singular behaviour of the partition function Z as it vanishes at α = 0. However we could expect that Z| α=0 = 0 for generic N .
The extension of NC space is measured by these operators. It corresponds to the radius of fuzzy sphere in weak coupling region where NC space is described classically. On the other hand the extension is different from the classical one in strong coupling region. The infrared divergence gives an infinite value for the range of extension in strong coupling region. On the other hand, for N > 2 or higher dimensional matrix models, the expectation value of TrAA may be convergent. The finite extension is expected in this case. The characterization of the NC space in this region is an interesting problem. It is conjectured that fuzzy sphere is connected to blanched polymers in strong coupling region [6] . We need further information of larger N and higher dimensional models to confirm it.
For N > 2 case and IIB matrix model with Myers term, performing exact calculations by using the method in this paper seems to be difficult. The approach from numerical simulations or cohomorogical field theory [8] may be useful in those cases.
